The dynamic control process in an adaptive optics (AO) system is the third important factor to affect the performances of the AO system. A numerical simulation of the dynamic control process in an AO system is carried out for the first time to complete a comprehensive numerical simulation of an AO system. By means of the numerical simulation the long-exposure Strehl ratio and other useful metrics for evaluating the performances of an AO system can be obtained. In comparison to the theoretical analyses of automatic control theory, a numerical simulation of the dynamic control process in an AO system is advantageous. The frequency response characteristics are closely related to the dynamic control performance of an AO system. The bandwidth, phase margin and gain margin which are very important parameters for experimenters can be obtained conveniently from a numerical simulation of the frequency response characteristics. A numerical simulation of the frequency response characteristics in an AO system is presented in this paper for the first time. The numerical simulation results agree with the experimental data excellently. The simulation computational results of frequency response by using composite input of multiple frequencies compare to the single-frequency simulation results very well and can be used to determine the practical parameters of bandwidth and margins. The performances of an AO system can be effectively investigated by means of a combination of a numerical simulation of frequency response characteristics with that of the dynamic control process.
INTRODUCTION
Adaptive optics (AO) technology has been widely used to improve the image quality in the astronomical observation of ground-based telescope and the laser beam propagation in the turbulent atmosphere. 1, 2 An AO system itself is a complex combination of electro-optic engineering and automatic control technology. In such a complex system modeling and numerical simulation should be very valuable from design, manufacturing, system integration, examination, to practical application.
In the past decade we have been pursuing modeling and numerical simulation in an AO system. Modeling and numerical simulation of laser propagation in the turbulent atmosphere and an AO system in a stationary state were carried out. 3 In a companion paper 4 reported. The dynamic control process is the third important factor to affect the performances of an AO system. In this paper modeling and numerical simulation of the dynamic control process is carried out to complete a comprehensive numerical simulation of an AO system.
The dynamic control process plays a very important role in the practical application of an AO system. It determines whether the AO system can work stably and it relates closely to the temporal bandwidth and the phase compensation effectiveness of the system. Very limited articles have been published on the topic of the investigation and calculation of the dynamic control process and the related performances. Moreover, most of them are based on analyses of the automatic control theory (see, for example, Refs. 5, 6) . The current authors employ another approach, a pure numerical simulation, to simulate and investigate the dynamic control process in an AO system. This is a continuation and expansion of our existing work. 3, 4 Including the dynamic control process in a numerical simulation of an AO system can only provide the computational results of long-exposure Strehl ratio for describing the phase compensation effectiveness of the AO system and it is difficult in this way to judge the working stability of the AO system effectively. Especially, it is impossible through this way to provide the bandwidth, phase margin and gain margin which are very important parameters for experimenters. In experiment, it is common to directly measure the frequency response characteristics of an AO system by using a frequency response analyzer or a frequency spectrum analyzer to obtain a Bode plot and further to achieve the bandwidth and margins.
In order to realize a complete numerical simulation of an AO system, besides including a numerical simulation of the dynamic control process, a numerical simulation of the frequency response characteristics of an AO system must be included as well. In other words, a numerical simulation of a frequency response analyzer or a frequency spectrum analyzer must be included in the AO numerical simulation. Another purpose of this paper is to carry out a numerical simulation of the frequency response characteristics in an AO system. A block diagram of a typical AO system is shown in Fig. 1 . In Fig. 1 
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where 0 is the effective time delay, K o is the total gain of the system, and T is the sampling time period. The phase response of the AO system itself is expressed by
These expressions have been proved to agree with the experimental data excellently. In this paper, these expressions are chosen as a comparison standard to substitute for the experimental data.
In the practical operation of an AO system hardware, a difference equation for the entire AO system (including the AO system itself and a controller) plays the essential role. The difference equation is
This difference equation connects the corrected wavefront at the nth time step U n with the corrected wavefronts at the foregoing time steps U n-1 , U n-2 , … and the residual wavefronts at the present time step and the foregoing time steps E n , E n-1 , 
The coefficients in Eq. (4) correspond to those in Eq. (3). However, for the continuous controllers, it is necessary to obtain their expression of transfer function C(s) from a theoretical analysis of the automatic control theory first, then chose a proper transformation method to obtain the corresponding C(Z). It must be noted that by using different transformation method a different discretization expression i.e. different coefficient combination can be produced. There is no one-to-one determinacy. Furthermore, in practice it is often quite difficult to obtain accurate expressions for G 0 (s) and C(s), especially, in an AO system in design. Thus, the above-mentioned analytical method based on the automatic control theory has its limitation.
On the other hand, a coefficient combination may be proved to correspond to a controller with very good performances either by a numerical simulation or by the practical operation of the system hardware, but it may be difficult even impossible to find its C(s) by using a theoretical analysis of the automatic control theory. That is, the preferable coefficient combination may not correspond to a controller which expression of the transfer function has been known. On the contrary, a numerical simulation can directly simulate the operation status of an AO system hardware and a simulation computation can be carried out for an arbitrary interested coefficient combination. Thus, in comparison to a theoretical analysis of the automatic control theory, a numerical simulation of the dynamic control process in an AO system is advantageous.
An AO system can be used to detect and correct all stationary wavefront distortion in the optical path from the observed object to the imaging system and the dynamic wavefront distortion come from the turbulent medium to improve the image quality. Also, an AO system can be used to detect and correct dynamic wavefront distortion of the optical wave from a beacon through the turbulent atmosphere and the wavefront of a laser beam from the outgoing lasers is phase-compensated before propagating in the turbulent atmosphere so that the beam quality on the target is significantly improved. The numerical simulation in this paper is for the second application of an AO system. Note that a numerical simulation presented in this paper is also suitable to the first application after small revising. A numerical simulation of the dynamic control process in an AO system includes a series of dynamic iterations. In detail, each dynamic iteration includes the following procedures (refer to Ref.
3). First, the distorted wavefront from the beacon after propagating through the turbulent atmosphere at a certain time step is computed. Second, a simulation computation of wavefront detection and wavefront reconstruction is carried out to obtain E n corresponding to this time step. Third, utilizing the coefficient combination corresponding to the controller in use, a new corrected wavefront U n can be calculated from Eq.
(3) in terms of E n and the foregoing E n-1 …, U n-1 … Fourth, according to the practical working procedures and timetable, at the moment adding the time delay the phase-compensated beam from the outgoing lasers propagates in the translated turbulent medium (corresponding to translated phase screens in the numerical simulation) to reach the target. Such dynamic iteration calculation is carried out for each time step. At the next time step the dynamic iteration calculation is repeated and the only difference is that the phase screens are translated a small amount according to the timetable and the lateral speed(s).
A series of dynamic iteration calculations continue to obtain the useful performance metrics such as long-exposure Strehl ratio, instantaneous Strehl ratio for each time step, two-dimensional phase and intensity distributions at target. All these Proc. SPIE Vol. 4494 159 performance metrics change with time.
If the coefficients in the controller were chosen improperly, the AO system would not work stably. In principle, this instability will appear in long time dynamic iterations. In fact, such instabilities were really observed in our numerical simulations under some conditions. However, such instabilities often appear after thousands even more dynamic iterations.
Obviously, it is not effective to utilize a dynamic iteration approach to investigate the stability in an AO system.
Furthermore, only by means of the dynamic iteration it is impossible to obtain the bandwidth and margins which are very important for the experimenters. This is why we must do a numerical simulation of the frequency response characteristics in an AO system in addition to a numerical simulation of t he dynamic control process.
In order to directly compute the long-exposure Strehl ratio of an AO system, it is necessary to carry out a great number of dynamic iterations under a working condition. So, it is very time-consuming to choose an optimum working condition in an AO system only based on the dynamic iteration computation. We hope to find a more convenient and more effective approach to make a preliminary choice of the optimum working condition. Then, the time-consuming computation of long-exposure Strehl ratio will be only done under some chosen conditions mainly as a tool of testing and verification. This is another reason for us to carry out a numerical simulation of the frequency response characteristics in an AO system. Input: sine-wave signal with amplitude of 1. 
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RESULTS AND DISCUSSIONS
Frequency response signal
When a sine-wave of single frequency is applied on the AO system substituting for the distorted wavefront r(s) and the AO system is in the open-loop state, the output signal of the system frequency response of a certain frequency is shown in Fig. 2 .
The signal is a sine-wave with the same frequency but different amplitude and phase in comparison to the input signal.
It is found that when the AO system includes a controller the slope of frequency response signal is closely related to the stability of the whole system. According to the automatic control theory, when the coefficient in Eq. can not be found in the long-exposure Strehl ratio computation even after carrying out thousands dynamic iterations. On the other hand, under a large number of conditions of a 1 =1.00 and a 1 <1.00 the corresponding computational results of the evolution of the frequency response signal with time show to be horizontal or slope downwards. In conclusion, it is a very effective tool to observe whether the evolution of the frequency response signal with time slopes upwards or not and if the evolution slopes upwards the system is instable. This seems a much more effective tool for judging the instability in an AO system than a dynamic iteration computation of the long -exposure Strehl ratio.
Computation of frequency response characteristics by using a single frequency input
Numerical simulation results of the frequency response in a realistic AO system 8 itself (without a controller) by using a single frequency input are shown in Table 1 . From our analyses and the results in Table 1 , it can be deduced that in our simulation computation system K o in Eq. (1) is approximately equal to -1.78 dB and 0 τ + T in Eq. (2) is chosen as 3.07 microsecond. After substituting these values into Eqs. (1) and (2), the corresponding Bode plot can be drawn and it is shown in Fig. 4. In Fig. 4 , the solid lines are the results from Eqs. (1) and (2) and as stated above they can be seen as the best fits of experimental data. In addition, symbols in Fig. 4 are our numerical simulation results by using a single frequency input. It can be seen that the agreement of our simulation computational results with the experimental data is excellent. This excellent agreement shows our simulation computation of the frequency response in an AO system is reliable. The numerical comparison is shown in Table 1 .
It is found from our simulation computation of the frequency response that there are two integration elements in the AO system. They correspond to the sampling process in the HS wavefront sensor and the response process of the actuator in the deformable mirror, respectively. Table 2 Numerical simulation results of frequency response of a 61 element AO system with frame rate of 838 Hz by using 16 frequencies composite inputs Corresponding to the working status of the frequency spectrum analyzer, a composite input signal of tens even hundreds different frequencies can be used in our numerical simulation as the driving signal. After a large number of numerical experiments it is found that reasonable and more accurate numerical simulation results by using multi-frequency inputs can be obtained only after normalizing the composite initial amplitude, whereas it seems not very important whether the initial amplitudes of components with different frequencies are equal to each other or not. The initial amplitude of each component corresponds to the weight of the contribution of that component. Numerical simulation results by using a composite input of 16 frequencies with different initial amplitudes and with or without normalization of the initial amplitude are shown in Table 2 . Composite inputs of multiple-frequency with initial amplitude of 1 and normalization are used in our numerical simulation computation. Numerical simulation results by using composite inputs of 16 and 500 frequencies are shown in Table 1 also for comparing with the single-frequency results and the experimental data.
Computation of frequency response characteristics by using a multi-frequency input
Results in Table 1 show that the multi-frequency results are good enough for the purpose of obtaining the interesting bandwidth and margins although the multi-frequency results have small differences in comparison with the single-frequency results in the lower frequency region and the amplitude responses of the multi-frequency results do not completely monotonically decrease in some region. When the multi-frequency results are presented in Fig. 4 , the small differences between the multi-frequency results and the single-frequency results are not distinguishable although these small differences can be seen from values in Table 1 . It means that the multi-frequency results of a numerical simulation agree with the experimental data as excellently as the single-frequency results do and they are good enough for drawing a Bode plot and calculating the bandwidth and margins. However, the computing time by using a multi-frequency input will be much less than that by using single-frequency inputs. It is also shown that the components with different frequencies may have some interaction. It means that the measurement by using a frequency spectrum analyzer possibly includes some error in comparison to the measurement by using a frequency response analyzer.
Results of an AO system with a PI (Proportional plus Integral) controller
In fact, an AO system in practical use has a controller for controlling the dynamic process in the system. The PI (Proportional plus Integral) controller is a fundamental controller and is widely used in an AO system. This is why this kind of controller is chosen in our numerical simulation. Apparently, any other kind of controller of an AO system can be used in our numerical simulation in a similar way. For the PI controller, C(s)=K/s where K is a constant and it is the total gain of the system. Its corresponding difference equation is Eq. (3) with a 1 =1.0, b 1 =KT where T is the sampling time period.
The important parameters interested by experimenters such as bandwidth, phase margin and gain margin can be obtained from our numerical simulation of the frequency response characteristics in an AO system with a PI controller under the conditions of different K and the corresponding phase compensation effectiveness can be evaluated by the long-exposure
Strehl ratios under different experimental conditions which can be computed by our numerical simulation of the dynamic control process of the AO system. These computational results are shown in Table 3 . It can be seen that under different experimental conditions the coefficient combination of a controller corresponding to the optimum phase compensation effectiveness is different; and there is no simple relation between the optimum phase compensation effectiveness and the largest bandwidth in an AO system. It appears that in order to do a complete evaluation of performances of an AO system, the bandwidth and margins of the controller and the optimum phase compensation effectiveness of the AO system must be combined together with some analyses and experiences. Work in this aspect is in progress. 
CONCLUSIONS
In this paper, modeling and a numerical simulation of the dynamic control process and the frequency response characteristics in an AO system are carried out, respectively and combined for evaluating performances of the AO system.
Numerical simulation investigations show that (i) the long-exposure Strehl ratio and other useful metrics under different experimental conditions can be computed by a numerical simulation of the dynamic control process in the AO system. (ii)
Important parameters interested by experimenters such as bandwidth, phase margin and gain margin can be obtained from a numerical simulation of the frequency response characteristics in an AO system. (iii) Our simulation computational results of the frequency response characteristics in an AO system agree with the experimental data excellently. (iv) Both the numerical simulation results by usfing single-frequency inputs and those by using multi-frequency inputs can be used to obtain the bandwidth and margins in an AO system. However, the computing efficiency by using multi-frequency inputs is much higher than that by using single-frequency inputs. (v) In order to get an insight investigation and a complete evaluation of performances in an AO system, a numerical simulation of the dynamic control process of the AO system and a numerical simulation of the frequency response characteristics must be combined. It is shown that a numerical simulation is very valuable and helpful in design, examination, investigation and application of a highly complex electro-optic system such as an AO system.
